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1. We first compute the class number of F = Q(+/15). Since the Hilbert class
field of F is a Galois extension of F' with Galois group isomorphic to Cg
by the Isomorphy Theorem, the degree of the Hilbert class field extension
coincides with the class number of F.

The discriminant of F'is dpq = 60, by the known results on discriminants
of quadratic extensions. Moreover, the degree of the extension over Q is
n = 2, and the number of pairs of complex embeddings is ro = 0. Hence,
the Minkowski bound is given by

4\" n!
Mp = <7T> ﬁ |dF/Q‘:\/ﬁ<4

Consequently, every ideal class contains an integral ideal of norm at most
3. To determine the class group, it therefore suffices to examine the prime
ideals lying above the rational primes 2 and 3.

Since 2 and 3 divide the discriminant, they ramify in F'. Their norms are
4 and 9, respectively, and hence

(2)=p3 and (3)=p3,

where po and p3 are the unique prime ideals of Op lying above 2 and 3,
with NF/Q(pQ) =2 and NF/Q)(p3) =3.

Using computational tools such as SageMath, one finds
pe=(2,14+v15) and p3=(3,V15).

Both ideals are non-principal. Indeed, suppose that po = (a) for some
a € Op = Z[v15]. Then

Nrjo(a) | Nrjg(2) =4 and  Npjg(a) | Nejo(1+ V15) = ~14,
so Npjg(a) € {£1,42}. Writing a = b+ ¢V/15, we have
Ngjgla) = b* — 15¢2.

If Npjg(a) = 1, then a is a unit, which is impossible since p» is proper.
Moreover, a brief check shows that —1 and 42 are not values of b — 15¢?



for integers b,c. Hence, po is non-principal. A similar argument shows
that ps is likewise not principal.

By the Minkowski bound, the ideal class group is generated by the classes
of po and p3. We compute their product:

pabs = (6,3 + 315,215,115 + 15) = (6,3 + V/15).
This ideal is principal, since
—(3—V15)(3+V15) = 6.
Hence [pa] = [p3] 1. Because (2) = p2 and (3) = p2, we have

[p2]? = [ps]* = [(0)].
Thus, Cp = Z/2Z.

Now consider K = Q(\/g, \/5) Since it is the compositum of the linearly
disjoint fields Q(v/3) and Q(v/5), its discriminant satisfies

di /g = glovmel jlowme] s o e

Qv3)/Q Q(Vv5)/Q

For a tower of field extensions A C B C C, we have

dcja = Npya(do/s) 'dgjf]~
Applying this to Q C F' C K, we obtain

Nrgldg/r) = 1.

In particular, the extension F' C K is unramified. Moreover, F' C K is
abelian, since Q C K is abelian with Galois group Z/2Z x Z/27Z. There-
fore, K is contained in the Hilbert class field of F' (by the equivalent
characterization of the Hilbert class field).

Since both fields have the same degree, recall that the class number of F’
is 2, we conclude that they coincide. Hence,

K = Q(\/ga \/5)
is the Hilbert class field of F' = Q(+v/15).
2. Let F be a number field and denote its Hilbert class field by F.

(I) Let F» be the Hilbert class field of Fy. We show that Fy/F is Galois.
Since extensions of number fields are separable, it suffices to prove
normality of F»/F, i.e. that every F-embedding o: Fy < C has im-
age o(Fy) = Fy. Let 0: F5 — C be an F-embedding. Its restriction
to I satisfies

O'|F1 S HomF(Fl,(C) = HomF(Fl,Fl),



(I11)

because Fj/F is Galois. In particular o(F;) = F;. Now o induces
an isomorphism
(o F2 i) O‘(FQ),

Since F3 is the Hilbert class field of FY, i.e. the maximal unramified
abelian extension of Fy, o(F») has to be the maximal unramified
abelian extension of o(Fy) = F;. By uniqueness of the Hilbert class
field of Fy, we must have o(Fy) = F». Thus, every F-embedding of
F into C is an F-automorphism of F», so Fy/F is normal and hence
Galois.

Set A = Gal(Fy/Fy) and G = Gal(F»/F). Then A < G and
G/A = Gal(F1/F).

Since F3 is the Hilbert class field of FY, it is unramified over F; and
hence (by multiplicativity of ramification in towers) also unramified
over F'. Consequently F}j is the maximal abelian subextension of F'
contained in Fs, so G/A is the largest abelian quotient of G. Equiv-
alently, A is the commutator subgroup G’ = [G, G] of G.

Next consider the extension-of-ideals map Zr — Zp, , which is a group
homomorphism. Composing with the quotient Zp, — Zg, /Pr, gives

¥:Ip — Ip /Pr,.

If (a) € Pp is principal in F, then (a)Op, is principal in Fy, so ¥((a))
is trivial. Hence % factors through the quotient by P, yielding a
homomorphism of ideal class groups

v IF/PF = CF —>IF1/7DF1 ZCFI,

given on classes by aPp +— (aOp, )P, .
By the Isomorphy Theorem, we obtain

G/G' = Gal(F|/F)=Cp and G = A=Gal(Fy/F))=Cp,,

since the Hilbert class field of a number field K is, by definition, the
class field associated with Px o, = Pk, the group of principal ideals
of K.

We thus have the following commutative diagram:

Cr —— G/

b

CF1 i) G

If we can show that the transfer map V' is trivial, then by commu-
tativity of the diagram it follows that - is trivial as well. Triviality
of v means that every ideal of F' becomes principal in Fj, i.e. the
Principal Ideal Theorem holds for Fy/F.



(IV) Finally, observe that A = G’ is abelian. Hence its commutator sub-
group (G') is trivial. The hypothesis of the given group-theoretic
theorem therefore applies and implies that the transfer map

V:G/G — A

is trivial. By commutativity of the diagram this yields v = 0, so
every ideal of Op becomes principal in Op,. This is precisely the
Principal Ideal Theorem.

. Let || - || be an absolute value on a number field F'. We want to show that
there exists a positive real number X such that || - ||* satisfies the triangle
inequality.

First, note that by multiplicativity we have ||1]] = 1, and by definition
|0]| = 0. Suppose that ¢ = 1. Then, whenever ||z|| < 1, we have
114+ z| <1

Let y,z € F. We claim that || - || already satisfies the triangle inequality.
If either y or z is zero, the inequality is trivially verified. Hence, suppose
that y and z are both nonzero, and without loss of generality assume that
[yl < |lz]]. Set w = £. By multiplicativity of the absolute value, we obtain

I
Jul = 4 <1
2

By assumption, this implies that ||1 + u|| < 1. Therefore,
ly + 2l = llzll - 1+ ull < 1=l < llyll + lI2]-

Hence || - || satisfies the triangle inequality. Moreover, we have seen that
|| - || is non-Archimedean.

Suppose now that ¢ > 1. Note that by setting A = log.(2), we obtain
[1+z* <cr=2

whenever |z|| < 1. We will show that |- | := || - |} satisfies the triangle
inequality.

Let x1,29 € F. If 0 # |x1| > |22/, then
|21+ 2| = a1 | - |zy s + 1] < 2]z

Hence,
|21 + 22| < 2max {|z1], 22| }.

We now derive an inequality for general finite sums of elements. We will
show by induction that the absolute value of a sum of 2" elements is
bounded by 2" times the maximal absolute value of the summands.



The case » = 1 was established above. Assume the statement holds for
r — 1. Then,

2r 27‘71 2r
E x| < 2max E Tk, E Tk
k=1 k=1 k=2r—141

< 2max {27! 21 }
< 2max ymax (o}, 2770 max  {lexl}

= 2" max {|z1], ..., |zor| },

where z1,...,29r € F.

Next, consider a general n > 1. Let r € N be such that -1l «p <o,
We can extend any sum over n elements to a sum over 2" elements by
adding 2" — n zeros. Hence,

n
Do
k=1

for any x1,...,xz, € F.

< 2"max {|z1],...,|2zn|} < 2nmax {|z1],...,|z,.]}, (1)

In particular, this implies that

[n]=]1+...41]<2n-[1] <2n (2)
—_———

n times

for all n € N.
Now let y,z € F and n € Z. We compute:

i <”> ykznfk
k=0 k

(Z) ykzn—k

n _
<2040 e 2Pt by (2

,,,,,

ly+z2"=|(y+2)"| =

<2(n-+1) | ax

0,...,n

<4(n+1)(lyl+ \z|)n

In the last inequality, we used the trivial observation that a sum of non-
negative terms is at least as large as its maximal summand.

Taking the n-th root of both sides and noting that the function = — /x
is increasing on [0, +00), we obtain

ly+ 2] < /4(n+1) (Jyl +12]).

Since this inequality holds for all n € Z, we can pass to the limit as

n — +o00. Because
lim {/4(n+1)=1,

n—-+o0o



we conclude that

ly + 2| < [y| + |2].
As y, z € I were arbitrary, it follows that |-| = || - ||} satisfies the triangle
inequality.

4. Let F = Q(¢) and z = 2 —i. We recall that Op = Z[i], which is a PID
(indeed, it is even a Euclidean domain). For any element a +bi € Op, the
norm is given by

Nrjgla+bi) = a® +b%,
and the norm of a principal ideal generated by such an element coincides
with this value. Hence, the norm of x is

Npjg(z) =2+ (-1)* =5.

Since 5 is a rational prime, it follows that x is irreducible, and therefore
prime, in Op. Recall that the p-adic absolute value of z differs from 1 if
and only if p appears in the factorization of () = xOp. In particular, the
only finite prime ideal p of Op for which [|z||, # 1 is the ideal p = (z).
We compute

-1

ol = N (@) or ) = N (@) * =57

Since Q(7) is an imaginary quadratic field, it possesses a single infinite
place, corresponding to the complex embedding

o: Qi) = C, a-+bi—a+bi.
For this embedding, the corresponding absolute value is
lzlle = lo(2)|g = |2 - i* = 5.

There are no real infinite places of F'.

Therefore, only two places v € Vg satisfy ||z||, # 1, namely the finite
place corresponding to (x) and the infinite complex place 0. We may now
verify the product formula:

T lzlle = 2l - lzfle =575 = 1.
vEVE

Hence, the product formula holds for z =2 — ¢ in F' = Q(i).
5. Let G be a topological group and H be a subgroup of G

(a) For all ¢ € G the map induced by left multiplication with g is a
homeomorphism. In particular, since H is open, every left coset of
H in G is open. The union of all left cosets different from H is
therefore an open set, so its complement H is closed. Thus an open
subgroup is closed.



(b)

Conversely, if H is a closed subgroup then each left coset gH is closed.
If [G : H] < oo then there are only finitely many left cosets. The
union of finitely many closed sets is closed, so the complement (which
is H) is open. Thus a closed subgroup of finite index is open.

If H is open, then every left coset gH is open. By choosing one
representative from each coset, we obtain a disjoint open cover of G.
If G is compact, every open cover has a finite subcover. Since the
cosets in the cover are pairwise disjoint, the open cover can be finite
only if there are finitely many cosets. Therefore, [G : H] is finite.



